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QUESTION 1. (i} Give me anexample of a finite commutative ring A such that char(4 -Z

A is not an integral

o (EINITE)
Pherv "1z (4, o) s [Cr,o),_l

Aorsiolen UL C+)/Z
M?H(ﬂﬂ,,a-—// BUT + (o, 1) #(0y1) = (0,0) . Henes, %
Ne T aw 9D

(ii) Give me an example of a UFD), say A, that is a GC D-domain, but for some a,b € A, we cannot write gcd(a, b) as a

linear combination of a and &.
Z[x] M o UFD and Rence agCD domoiins
0@&&;’(3,2):/ But 43¢, +2C, 'fo*fa.n?;
¢, €Ul=

J(A).

let a =3, b=x.
(iii) Let Abea ﬁl‘lllL finite commutative ring. Convince me that N (A)
uuv@ N (A6 Masimad Teleaks)

(,44 Trme
¥ v N(A) = TLH)

(iv) Give me an example of an integral domain D such that D has an irreducible element, say d, but d is not a prime

element of D.
LeT p=U[Z,x]. d=2° . Gueducible
2. /"r g
gt I & e w[*27] o, 2= 23, 2°
bl 2 .
: ' 2 71—.2(_ % cu AOT P
{z € A|z" € I}. Prove that
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QUESTION 2. (i) let / beap proper primary ideal of a commutative ring A, and let F =
F is a prime ideal of A. -
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(ii) Let I be a proper ideal of a commutative ring A. Prove that [ is a prime ideal of A if and enly if the set S

-1
is a multiplicatively closed subset of A.
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o wz@wmw % G S = f]ruu%
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D“"—-—E- 4 ST GL” 4_2 e s s & d,d’?_%'g )

M 3 d,d¢g LT <t ddeT /‘-'I:R{g

() Lew €= R|z WW.&&W:IMaIB@'

ddeal .
DENY. . T u am TIbeAl aﬁ, Ky butr voT /!rwmo

e 3 Ollf’f e I <. dlﬁz’l’ a.m,e/cé/e’l
d’eg oo d e <.
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(iii) Bricfly, how will you construct an integral domain_A_with exactly one nonzero maximal ideal, say M, such that
Z C AC Q? What is J(A)? What is N(A)? are they equal?

F&“WWW (seg, p=2) .

Letr ﬁ"ngJF{’éﬂaéQ’be@E

ZC:AC:.@ {:'b__[_ut)—u,g.aruzf

Wuuru PA wr e ONLY Movecmatl, Edeal %ﬁ'
'J'CA)/'—[ OM,; =7 JC#) =/>A~

/' a ) w4 LA :lx a[dm V| lz..Ez.r_m_r_Luﬂ_- A&.
e’ Note {O} and pA are the only prime ideals of A.

adN(A) = {0}. Hence N(A) not equal J(A)
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Note  {0} and  pA  are the only prime ideals of A.
N(A) = {0}. Hence  N(A)  not equal J(A)
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QUESTION 3. (i) Convince me that A = Z; x Zs x Z; is not ring-isomorphic to B = Zy5 (Hint: Find {U{A) and
u(a)l

[UCa)| = €2)(8(2) = { and T ane fritels
[veB)]'= 9’9(45)— ¢ (4) = 24 l.-z,g-sz' .
-1 » —_ r 5
i {Il')?i{f (z) == +2:z:+lE.4 Mazgf Sf@)A= (f(z))=span{f(:z:§}‘?’Corf\2ncé3melhzgf=z;Iisa

= field. How many elements does £ have? (just the number, do not list all elements)
27 -
We Lhww: T 44 /.':JW\.Q_. ann| F 2
flo)y=1,#0) =1, +@) =1 - FX) w Fveducdle

C geuum,awu-,a,«,o/ SMMjD
f Ras nosets Tn =;f+’ EN5)
BuT: —ZLEZJ-M a PID Ccuw{.»hwu,a UFD)C M) =

F“W“?FM Fm:}v@-).uwm

Doma IDEA
F= (’c) o ar ! s [ConTp on PREVIOUS Pﬁj»eﬂ

(iit) Let f : A — B be a ring-homomorphism that is ONTO (A, B are commutative). Prove that f(1,;) = 15. Hence
prove that f{I/(A)) is a subgroup of

Lnee £ o ONTO —blAeB/S'aeA s L. fla)=4.
Yo Lma: £(2,)= 4, benwy. 3 aeh sdt.fl)=4 an

a 5 B
Linee, T 0 O /‘Lw'.é, W:!N " | —a#l.
Ayn _'L =; 1.7 =
flars) = fa)+F(4) = 4, 2ot FL0) f(4,)= 15 )
% ”"‘5@“ L, ) Z: NTD. O szmvs'[.
(iv) Let f : A — B be a ring-homomorphism, where A is a commutativé ring and B is an mlegral omain such that

f (a.) # 0 for some a € A. Prove that f(14) = 1 g, and hence prove that f(U(A)) is a subgroup of U(B).

B X4 o @Wcﬂ&mwu

$o Shsw = f(4,) =41,

bewy - <f(4,)= b w—ﬁmb%i/
Fae4 SiLCa) c-:a.o{

T 4(a) = flax1) = £(a) ~£(1)
}L// woc=cxb = c—-ch =0 ==c(l-b)=0

c=o0 GR) Il=b=0 e b=4
&&eﬂtﬂuwmm@auﬁmﬂwﬁw

L) =1y = F(0) < U & praviowd Pueilio:
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QUESTION 4. (i) Let A be a commutative ring and w € N(A). Prove that w + u € U{A) for every u € U(A). (Can
you give a simpler proof than the one that you gave in the HW?)

Yuever) a ¥ meTA) , Uu+m e U(H)

weNA) S e TCﬁ)
\ S HFueuvcr)y, wtue ) m

(ii) Let A be a commutative ring and M be a maximal ideal of A. Prove that M([z] is never a maximal ideal of A[z].
{Hint: Construct a certamn ring homomorphism that is onto )

Yo Preone: MEX] 2ot ity o Masiomal, Leload “ﬁl ALx]-
Zrovf P AD"—“J”’_’ [<]. Fla] wa PID

]
p———

Cf(&%+ 49+ 9 )-—;(a +M)9c+ +Cq+M)z+@+M) ACT . - e

kovwmcﬁbﬂm :CAA:U o ONTD. CTW) ML

,qus) =m[2] wﬁwqann %c,m&gﬂ

< Alx
“’ﬁj [Ce'n_-&y So~v PACRUT ool faﬁ_&]

(iii) Let A = Z;]1], f(:c) =z*+z € Aand [ = (2* + z) = span{z” + z}. Prove that A/[ is ring-isomorphism to
Z3 x Z3 (note XA and (x+1)A are prime ideals (maybe maximal ideals too!))

2, /Dc:f

.,(01): vt = 2 (L+!) anof I = (JLCZ-H))
Lt T = 9h o I, = Cxeti)A -

I/WIMQML

(~ 3 —ceT, and S+ eI, s.%. -—9c+x+1=)
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